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ABSTRACT --- 
A study t o  determine the ef fects  of  p i n  e l a s t i c i t y ,  f r i c t i o n ,  and 
clearance on the stresses near the hole i n  a pin-loaded or thot rop ic  
p l a t e  i s  described. The problem i s  modeled as a contact e l a s t i c i t y  
problem using comp?ex variable theory, the p i n  and the p la te  being two 
e l a s t i c  bodies in te rac t ing  through contact. This modeling i s  i n  con- 
t r a s t  t o  pr lv ious works. by other investigators, which have assumed tha t  
the p i n  i s  r i g i d  o r  that  i t  exerts a known cosinusoidal rad ia l  t r a c t i o n  
on the hole boundary. 
pin. A co l locat ion procedure and i t e r a t i o n  were used t o  obtain nurneri- 
cal resu l ts  f o r  a var ie ty  o f  p la te  and p i n  e las t i c  properties and var i -  
ous leve ls  of f r i c t i o n  and clearance. Collocation was used t o  enforce 
the boundary conditions at  a f i n i t e  number of points around the hole 
boundary and i t e r a t i o n  was used t o  f i n d  the contact and no-sl ip regions 
on the boundary. 
study shows that p in  e l a s t i c i t y  i s  not as important as clearance, f r i c -  
t ion,  o r  the e l a s t i c  propert ies o f  the p la te  i n  determining contact 
stresses. 
Neither of these approaches e x p l i c i t l y  involves a 
Deta i ls  o f  the numerical scheme are discussed. The 
ii 
Introduct ion 
Because o f  the wrdespread usage o f  f iber-reinforced coinposite mate- 
r i a l s  i n  structures, there have been a number of  stadies t o  determine 
the stress d i s t r i b u t i o n  around a hole i n  a pin-loaded or thot rop ic  p l a t e  
[l-16).  The studies have been two dimensional plane stress analyses 
aimed a t  understanding the  behavior o f  pinned and bol ted connectors made 
of  f iber-reinforced composite materials. While the p l a t e  has been mod- 
eled variol;s ways, includiny f ini te-element [1,5-8,10,12,14-163 and 
e l a s t i c i t y  [2-4,9,11,13] approaches, none of the studies have d i r e c t l y  
addressed the pin, or  more importantly, pin/ho!e interact ion.  For the 
most p a r t  the invest iyat ions have assumed tha t  e i t he r  the p i n  was per- 
f e c t l y  r i g i d  [1-9,13-15], o r  tha t  t l le  p i n  produced a known cosinusoidal 
r a d i a l  t r a c t i o n  on the hole boundary [11,12,16]. This l a t t e r  assumption 
was f i r s t  used by Sickley [ 1 7 ]  i n  h i s  study o f  i so t rop ic  alates. A l -  
thouyh t h i s  has been shown t o  be a good approximdtion for i so t rop ic  
p la tes [18], i t s  app l i cdb i l i t y  t o  or thot rop ic  p l a t e r  has not been 
checked. Neither approach requires an e x p l i c i t  p i n  model and each an- 
a lys is  reduces t a  a boundary value problem involv iny a s iny le  body, 
namely the p la te.  The purpose of the work reported on here was t o  ex- 
? l i c i t l y  nodel the p i n  and i t s  in te rac t ion  w i th  the hole when determin- 
i n y  the  stresses around a hole i n  a pin-loaded or thot rop ic  p la te.  The 
p i n  model includes p i n  e l a s t i c i t y ,  and f r i c t i o n  and cleardnce between 
the p i n  and the hole. The problem involves two e l a s t i c  bodies i n  con- 
tac t  and i s  much more d i f f i c c l l t  than the s iny le  body problem. One mdjor  
d i f f i c u l t y  i s  t h a t  the regions of contact and no contact between the p i n  
and hole are unknown a p r i o r i  and must be solved for as p a r t  of the an- 
a lys is .  I n  addit ion, the presence o f  f r i c t i o n  complicates the problem 
2 
because the s l i p  and no-sl ip regions must also he determined as par t  o f  
the analysis. While p i n  e l a s t i c i t y  [lo], f r i c t i o n  [2,3,5,7,13,14), and 
!:learance [2,3,5,15] have been included i n  previous analyses o f  t h i s  
problem, no analysis has examined a l l  three simultaneously. The one an- 
a l y s i s  which d i d  include p i n  e l a s t i c i t y  used f i n i t e  elements t o  repre- 
sent the p i n  and the plate, t h e  p i n  t ransmi t t ing  forces t o  the p l a t e  
throuzh springs connectirlg the nodes o f  the p i n  and plate. 
study the  e f f w t s  o f  p i n  e l a s t i c i t y  were never established. 
In t h a t  
The analysis here i s  Dased on formulat ing t h e  e l a s t i c i t y  problem i n  
terms o f  conplex variab!o theory. 
d r l y  e l a s t i c  and t+e  p l a t e  i s  i n f i n i t e  i n  extent. 
p l d t e  through a body force act ing on the pin. A so lu t ion  t o  the problem 
i s  obtained by a numerical scheme, namely a co l loca t ion  procedure and 
i t e r a t i o n .  The co l locat ion procedure enforces in te r face  and boundary 
condit ions a t  the pin/hole boundary a t  a f i n i t e  number o f  points. 
i t e r a t i o n  procedure i s  iised t o  f i n d  the contact ana no-s l ip  regions, 
Th is  paper begins by formal ly s t a t i n g  the problem. The key steps jfl the  
method of solut ion,  which depends on having e l a s t i c i t y  solut ions fo r  the  
p l a t e  and p i n  t o  stmewhat a r b i t r a r y  boundary t ract ions,  are then out- 
l ined. 
are presented. 
cedures are dpscribed. 
technique, the number o f  i te ra t ions ,  and so lut ion accuracy are d i -  
scussed. 
t r a t e  the e f f e c t  o f  p i n  e l a s t i c i t y  on the stresses around the hole and 
a l so  ind icate the importance of p in /  hole f r i c t i o n  and clearance on the 
stress calculat ions. 
Both the p i n  and the p l o t e  are l i ne -  
The p i n  loads t h e  
The 
Fol lowing that the m a j o r  components i n  the e l a s t i c i t y  solut ions 
Next the d e t a i l s  o f  the  co l loca t ion  dnd i t e r a t i o n  pro- 
The number o f  co l locat ion points, the  i t e r a t i o n  
F ina l l y ,  numerical resu l ts  are presented, These resu l ts  i 1 lus- 
The e f fec ts  of the p la te 's  e l a s t i c  propert ies on 
3 
the stresses are i l l u s t r a t e d  w i t h  the computations. 
w i th  a b r i e f  discussion. 
The paper closes 
Statement o f  the Problem 
The p la te 's  p r inc ipa l  material axes are al igned with an x-y coordi- 
The o r i g i n  of the x-y system i s  the center of the hole, a s  nate system. 
i s  the o r i g i n  of a cy l i nd r i ca l  r-8 coordinate system used i n  the analy- 
s i s .  The hole i s  o f  u n i t  radius and the p l a t e  i s  of u n i t  thickness. The 
p i n  loading the hole i s  i so t rop ic  and the net force the p i n  exerts on 
the hole i s  i n  the x-direction. The p i n  radius i s  1 - A and, due t o  
loading the hole, the  center o f  the p i n  moves a distance 6. 
depicts the geometry and coordinate systems used i n  the analysis. 
ure l b  i l l u s t r a t e s  the parameters X and 6 .  The case of X equal t o  zero 
represents a per fec t l y  f i t t i n g  pin. As w i l l  be seen, t h i s  i s  a special 
case. A +6 i s  i n  the d i rec t i on  o f  the +x axis. Here d i s  considered 
the independent loading parameter. 
Figure l a  
F ig-  
As the p i n  moves t o  the r igh t ,  i t  contacts a por t ion  of the hGle. 
The extent o f  the contact region i s  unknown and the h a l f  contact arc i s  
denoted as a. Due t o  f r i c t i o n  w i th in  the contact arc there i s  a region 
o f  s l i p  and a region of  no s l i p .  The h a l f  no-s l ip  arc i s  denoted as a. 
Outside the region o f  contact there i s  a no-contact region. Figure 2 
i l l u s t r a t e s  the various regions on the pin/hole boundary. Coulomb f r i c -  
t i o n  i s  assumed t o  act i n  the contact region. The coe f f i c i en t  of f r i c -  
t i o n  i s  denoted as IJ. It i s  assumed a p r i o r i  t ha t  there i s  one contact 
region and w i th in  tha t  region there i s  one no-s l ip  region. 
ceivable tha t  there might be mul t ip le  regions of contact and no-contact, 
o r  s l i p  and no-slip.  
I t  i s  con- 
However, when the stresses are ac tua l l y  computed 
4 
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tr.2 resu l ts  can be examined f o r  t h i s  p o s s i b i l i t y .  I f  there are mu l t i p le  
regions of  contact, t e n s i l e  rad ia l  stresses w i l l  most l i k e l y  develop i n  
those regions where contact i s  erroneously assumed. For the  cases con- 
sidered there has been no evidence of t h i s  so r t  of behavior i n  the re-  
su l ts .  Also, examining the  fr ict ion-induced shear stresses and t h e i r  
r e l a t i o n  t o  the rad ia l  stresses w i l l  i nd ica te  whether mu l t i p le  no-s l ip  
regions might occur. There has been no evidence o f  t h i s  behavior 
e i ther .  It i s  assumed tha t  the coef f i c ien t  o f  f r i c t i o n  i s  independent 
of circumferential location. This assumption may not be as v a l i d  f o r  
composite mater ia ls  as i t  would be, say, f o r  metal. 
Forinally the boundary and in te r face  condit ions between the  p l a t e  
and the p i n  can be stated as follo!vs: 
I n  reyion I ,  the no-sl ip region, -a c Q c a:  
t 6 C O S 8  - h 
p l a t e  p i n  'r 
U = u  - 6 s i n  8 . 
e p l a t e  p i n  
I n  region 11, the s l i p  regions, a < e < p and - p c e - a :  
= ur + b C O S 8  - A 
p l a t e  p i n  'r 
I n  region 111, the no-contact region, p .: 8 < 2n - p: 
5 
I n  the  above the  rad ia l  and tangential e l a s t i c  displacements o f  the 
p i n  dnd p la te  are given, respectively, by 
Equations 1 and 3 express cont inu i ty  o f  rad ia l  displacements i n  the 
contact region and eq. 2 expresses cont inu i ty  of tangent ia l  displace- 
ments i n  the no-s l ip  region. Equation 4 i s  the Coulomb f r i c t i o n  law.  
Equations 5 and 6 express the t ract ion- f ree conditions i n  the no-contact 
region. 
regarding the sign of T r8. 
increasing. 
problem can be solved assuming 6 i s  decreasing. 
negat i ve i rlj. 
Because o f  the nature o f  f r i c t i o n ,  assumptions have t o  be made 
The problem can be solved assuming 6 i s  
This corresponds t o  a pos i t i ve  T , . ~ .  A 1 t ernat i ve 1 y , the 
This corresponds t o  a 
Only the former condit ion w i l l  be discussed here. 
Method of Solut ion -- -- 
Due t o  equi l ibr ium considerations the boundary t rac t ions  act ing on 
the p i n  are i den t i ca l  t o  the boundary t rac t ions  act ing on the hole. As 
formulated here the problem reduces t o  f ind ing these boundary t ract ions.  
Once the t rac t ions  a?e known the stresses i n  the p la te  can be deter- 
mined. Here the unknown boundary t rac t ions  a r e  represented i n  the form 
o f  a complex Fourier series w i th  unknown coe f f i c i en ts  Ak. The series i s  
where, fo l lowing the convention o f  [lU], 
6 
N = the normal, o r  rad ia l ,  t r a c t i o n  ur on the  boundary, and 
T = tangential,  o r  shear, t r a c t i o n  zre on the boundary. 
Because the tangential t rac t ions  are odd functions o f  e and the  normal 
t rac t ions  are even functions o f  e, the Ak are real. 
Since each i s  a leg i t imate  t action, each term eike i n  the  ser ies 
produces a unique set o f  stresses and displacements i n  the p l a t e  and i n  
the p in .  
arld p l a t e  due t o  t rac t i on  eike w i l l  be found. 
i s  Ak eike, then the stresses and displaceiwrlts i n  tile p l a t e  and p i n  
will he weighted by A k *  
N - i T  = eike i s  denoted as (u,.)~, then the rad ia l  displdcement due to  
t r ac t i on  N - i T  = Ak eike i s  yiven by Ak(ur)k . Considering a l l  terms i n  
eq. 7, the rad ia l  displacement ur would be the  weighted sum o f  the e f -  
fec ts  o f  the ind iv idual  t rac t ions  cik'* That i s ,  
I n  the next sections the stresses and displacetnents i n  the  p i n  
I f  the boundary t r a c t i o n  
If, f o r  example, the rad ia l  displaceinent d w  t o  
If a l l  Ak were known, then ur could be calculated. The same can be said 
of the tangent ia l  displacement, namely 
m 
i k e  where ( u ~ ) ~  i s  the  tangent ia l  displacement due t o  t r a c t i o n  N - I T  = e 
No d i s t i n c t i o n  has y e t  been made between the p l a t e  and the p in .  The re- 
sponses o f  the p l a t e  due t o  N - i T  = eike irre d i f f e ren t  thdn the responses 
o f  the p i n  due t o  N - i T  = eike. 
. 
Thus the notat ion 
ur p i n  
p l a t e  
7 ORIGINAL PAGE i3 
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m OD 
dist inguishes between p i n  and p l a t e  responses. 
out t ha t  since they are a resu l t  o f  t rac t i on  eike, the  quant i t ies  
It i s  important t o  po in t  
are assumed t o  be known. The problem w i l l  reduce t o  f i nd ing  Ak. 
To continue wi th  the formulation of the problem, the stresses i n  
the p i n  and p l a t e  are given by 
m m 
The quant i t ies  9 . . e *  ( z  1 are the stresses i n  the p i n  
and p l a t e  due t o  t rac t i on  N - i T  = eike. They are also considered known. 
p i n  re p l a t e  
To determine the unknown coef f i c ien ts  Ak9 a co l loca t ion  technique 
Instead o f  using i r l f i n i t e  sums i n  eqs. 10-19, and i t e r a t i o n  are used. 
f i n i t e  sums are used. Instead o f  sa t i s f y ing  the  boundary conditions 
8 ORlOHVAL PAGE 18 
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given by eqs. 1-5 a t  each vo in t  OD the c i r c u l a r  boundary, (i.e., a t  an 
i n f i n i t e  number of ;roints) the boundary condit ions are s a t i s f i e d  a t  a 
f i n i t e  number of  points. The number o f  terms i n  the truncated series i s  
re la ted t o  the number of co l loca t ion  po in ts  on the boundary. The i t e r a -  
t i v e  po r t i on  of  the so lut ion involves f i nd iny  the contact and no-s l ip  
arcs ,  a and 0. They, l i k e  the Ak, dre unknown. However, i f  spec i f i c  
values are assumed f o r  a and p ,  a so lu t ion  t o  the problem w i th  those 
values o f  a and p can be found. The speci f ic  values may not y i e l d  a 
so lut ion which s a t i s f i e s  a l l  the boundary and in te r face  conditions, but 
i t e r a t i o n  can be used t o  f i n d  valces which do s a t i s f y  a l l  the condit ions 
o f  the problem. The i t e r a t i o n  procedure w i l l  be fu r the r  discussed. 
F i r s t ,  the co l loca t ion  procedure i s  explained. 
By using f i n i t e  sums i n  eqs. 10-19 and subs t i tu t iny  those sums i n t o  
1-6, the method 
ng the f i n i t e  sums 
the bounddry conditions f o r  the various regions, 
f o r  determining the Ak's  becomes evident. Subst 
i n t o  eqs. 1-6 resu l ts  i n :  
F o r  the no-sl ip region; 
N N ..
= A ( u )  - 6 s i n  8 . ' p i n  c A ( u )  k=-N p l a t e  k=-N 
F o r  the s l i p  reyions; 
fd N 
N 
9 
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For the no corltact region; 
N 
There are 2N4-1 terms i n  each sum. If the bounddry condit ions are sa t i s -  
f i ed  a t  2N+1 d iscre te  po in ts  around t h e  c i r c u l a r  boundary, a set o f  2N+l  
l i near  algebraic equations cdn be for,ned froin which t o  solve f o r  the Ak. 
Since the proper symmetry conditions have been incorporated i n t o  the 
solution, the 2Nt1 d iscre te  po ints  need only !)e d i s t r i bu tad  over one- 
h a l f  the hole circumference, 0 c 8 < R. The assuined values o f  a and p 
determine over what rariyr? of 0 eqs. PO and 21 a r e  enforced, over what 
other range eqs. 22 and 23 d re  enforced, and over what range eqr .  24 and 
25 are enforced. 
cdl ,  ne i ther  the p l a t e  nor the p i n  i s  ca l led out spec i f i ca l l y  i n  eqs. 24 
drtd 25. Thouyh i t  i s  not spec i f i ca l l y  rioted, a t ten t ion  must be yiven t o  
signs i n  eq. 23. 
Since t h e  t rac t ions  on the p l a t e  and p i n  d w  i den t i -  
I n  addit ion, s t r i c t l y  speaking, by eq. 7 
and 
Equations 23-25 thus can be wr i t t en  as 
10 
N 
N 
1 A~ sin(ke)  = o . 
k=- N 
Expanding eqs, 20-22 and 23a-25a, evaluating them a t  2N+; circumferen- 
t i a l  (e) locat ions,  rearranging s l i g h t l y ,  and put t ing  thein i n t o  matr ix  
notation iesds t o  equations of the form 
Expanding, these equations can be wr i t ten  as 
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The torins i n  the top two l i n e s  i n  the  coef f ic ient  m a t r i x  [C] and i n  
thr? vector (3}  represent terms evaluated d t  various 0 locat ions i n  the  
no-sl ip zone, the terms i n  the second two l i n e s  represent terms evalua- 
ted  a t  various e locat ions i n  the  s l i p  zone, and the l a s t  t w o  l i nes  rep- 
resent terns evaluated a t  va r io i s  0 locat ions i n  the no-contact zone. 
It i s  importdnt t o  po in t  out tha t  # i t h  a p e r f e c t l y  f i t t i n y  p i n  A = 0 and 
each element on the  rignt-hand-side o f  eq. 28 changes, f o r  example, by a 
fac to r  of two when 15 i s  doubled. Each Ak simply doubles and the spat ia l  
vai-idtior o f  N-iT,  wi th e, reinaim unchanged. Thus a and fl are unaf- 
fected by 7;. does not r e s u l t  i n  a doubling o f  W i t +  A f 0, doubliny 6 
the right-hand-side o f  eq. 28. Each Ak changes by a d i f f e ren t  amount 
and thus the spat ia l  va r ia t i on  of  N- IT varies. This t rans lates i n t o  6 
d i r e c t l y  a f fec t i ng  a and 8.  The per fec t  f i t  cdse i s  therefore q u i t e  
special and i s  o f ten refer red t o  as the l i n e a r  case. 
To implement the sollJtion procedure the responses of the p l a t e  and 
p i n  t o  boundary t rac t i on  eike, namely (11 \ 9 (qk ,..., must 
r'k p i n  01 ate 
he found. This follows. 
i k e  fllszmse -- of Pin t o  e 
I n  r e a l i t y ,  the  p i n  t ransmi t ts  a load t o  the hole boundary because 
Commortly the p i n  i s  i n  double i t  i s  loaded by some external mechanism. 
shear, being loaded by two other p la tes  p a r a l l e l  t o  and on e i the r  s ide 
o f  the p la te  mder  discussion. This i s  shown i n  f i g .  3a. To be sure, 
there are bending stresses i n  the p i n  and the exact determination o f  
stresses i n  the p i n  requires a three-dimensional analysis. However, f o r  
the scyment o f  p i n  w i th in  the thickness o f  the p l a t e  the s i t ua t i on  shown 
i n  f i g .  3b i s  qu i te  accurate. This segment o f  the p in ,  shown as a disk, 
13 ORIGINAL PAGE 19 
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i s  loaded by shear stresses froin por t ions o f  the p i n  on e i t h e r  side o f  
the plate, and by the contact stresses. Compared t o  the length of the  
pin,  L?- reyion of  the p i n  w i th in  the thickness of the p l a t e  i s  small. 
However, the f a c t  t ha t  the p i n  actuai iy  :,x lonoth does in f luence the 
deformation of the p i n  w i th in  the  thickness region. Here tnr  S in  i s  as- 
sumed t o  be i n  a s ta te  of  plane deformation and the shear stresses i n  
f l y ,  3b are dssumed t o  3e s p a t i a l l y  uniform over the  p i n  cross-sectional 
drea. Furthermore, f o r  purposes o t  analysis, the ef fects  o f  the unifGrm 
shear t rac t i on  are assumed t o  be equivalent t o  a uniformly d i s t r i bu ted  
body force act iog i n  the x d i rec t i on  w i th in  the pin. An a l te rna t i ve  p i n  
model would be t o  assume the disk representing the p i n  i s  loaded a t  i t s  
cenier by a Concentrated force. This model wds not considered because 
i t  was f e l t  t o  be too harsh an i d e d l i r a t i o n  o f  the forces ac tua l l y  
transmitted t o  the por t ion  of  the p i n  w i th in  the thickness o f  the p la te.  
A concentrated force model was adapted by Rao [ Z O ]  i n  a study of  iso- 
t rop i c  plates. 
With the model adopted here, the equi l ibr ium equations f o r  the p i n  
are 
+ be = 0, 1 jae a=,, 2T r 4  + b r = O  , --  + - + -  9 "r 1 "re ~ Qr - a - + - -  
( 29) a, ( 29) b a r  r ae r r ae w r 
where br and b are the components of the body force 
[21] discusses the complex var idb le approach f o r  the 
force and so only the primary features of the analys 
here. 
9 M i  1 ne-Thompson 
case of a body 
s are presented 
To e f f e c t i v e l y  use complex variables, i t  i s  convenient t o  express 
the body force components i n  terms o f  a sca lar  po ten t ia l ,  V, i.e. 
! 30 ) 
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Dsfininy a stress funct ion F(r,e) as 
1 a2F 1 a2F 
r2 a02 arae 
T = - ---- - - --- 
automatically s a t i s f i e s  t'le equi l ibr ium equations. tlsing Hooke's Law 
f o r  an iso t rop ic  mater ia l ,  wi th  Poisson's r a t i o  V, and subst i tut ing t h e  
st ra ins i n  terms of  the  stresses i n t o  the only n o n t r i v i a l  compat ib i l i ty  
equation leads t o  the  fol lowing equation f o r  F apd V: 
V4F + aV2V = 0, 
Defining 
v = v q ,  
(33) 
(34) 
where Q i s  another scalar  funct ion,  eq. 32 becomes 
V4(F t KQ) = 0 . (35) 
Uef i n i  113 
i e  z = x + i y = r e  , 
the solut ion for F can be expressed i n  terms of two complex functions, 
Q and X,  and Q as 
ORIGINAL PAGE f3 
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(37) 
1 F = 'z [ilp(z) + z m  + x ( 2 )  .I. i('z)] - KQ(Z,Z) .  
The f i r s t  dnd second fundamental stress combinations are w r i t t e n  as 
and the e iar . t ic  displacewents dre yiven as 
In t h e  above the qrtme, ', denotes d i f f e r e n t i a t i o n  wi th  respect to t h e  
argument, G is the mater ia l ' s  shear modulus, arld 
- 
The overbar, , denotes complex conjugate. 
A t  the boundary 
Therefore toe Stress c0'1. ination most useful for matching traction 
boundary ccmditio1 IS obtained by subtrdctiny eq. 39 from eq. 38. 
result i s  
Tne 
o r - i z r q  = .P(z) + P ( i )  - ( fa ' (z )  + y[z))ezie 
( 4 3 )  
Since the p i n  domain i s  simply connected, @ ( z )  and Y ( z )  can be repre- 
sentea by 
a0 OD 
~ ( z )  = bkz k = L bk r  k e ike , 
k =O k =I) 
ak and bk being constants, possibly complex. 
Tr, complete the  p i n  analysis, Q needs t o  be determined. Milne- 
Thompson [21] presents a der ivat ion of f o r  a more general body force 
and those resu l ts  can be reduced t o  the s i t ua t i on  here. The resu l t  i s  
bx ri = - - 16 (2'2 + ( 2 ) 2 2 ) ,  (45) 
where b, i s  the body force i n  the x d i rect ion,  b, being given by 
Subst i tu t ing eqs. 44 and 45 i n t o  eqs. 38-40, the stresses and displace- 
ments can be determined i n  terms o f  a k s  hk and b,. 
stress combination o f  eq. 43 evaluated on the boundary i s  
Spec i f i ca l l y  the 
00 
k iko k -iki! 0 al Ake i k o  -5 ), akR e + akR e 
k = a  I( =0 k =O 
- bxKK i o  (,io + e - i O ,  - -  e .  bxR(2 - K )  4 4 (47) 
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Here R i s  the radius o f  the pin. 
radius and the clearance between the p i n  and hole i s  A ,  
Since the hole i n  the p l a t e  i s  of u n i t  
R = l - A .  (48) 
Using eq. 47 and se t t i ny  d l l  A k ' s  t o  zero except one, and se t t i ny  
that  Ak equal t o  one, constants ak and bk cdn be found by matching term5 
on the l e f t  and r i g h t  sides o f  eq. 47. The so lu t ion  o f  the p i ?  t o  t rac- 
t i o n  N - i T  = eike i s  now available. Table 1 shows the r e s u l t  o f  match- 
i n g  terms. 
eq. 44 and those resu l ts  i n t o  eq. 40 t o  f i n d  e x p l i c i t  expressions f o r  
The values of ak and Sk froin Table 1 can be subst i tu ted i n t o  
and (u ) . These expressions, i n  turn,  are used in eq. 28. 
e kuin (u  1 kDin 
i t  should be mentioned tha t  bx i s  not an independent constant. The 
body force and the boundary t rac t ions  must be i n  equi l ibr ium. 
f o r  k = +1, boundary t rac t ions  o f  the form eike dc rlot ;JroduCe d net 
force on the boundary. 
case vJhen A1 i s  nonzero. For the boundary t r a c t i o n  A e 
Except 
Therefore, bx i s  i d e n t i c a l l y  zero excelit f o r  the  
i o  , 1 
It should also be mentioned tha t  i n  deterinininy the resu l ts  o f  f ab le  1, 
the imayirlary p a r t  o f  do was a r b i t r a r i l y  Jsswned t o  be zero.  
i k e  - -  ReSponse of Plate t o  e 
The p l a t e  i s  assumed t o  be i n  a s ta te  of plane stress w i t h  t rac -  
t ions o f  the form 
nonzero 
Ak 
A, = 1 
A-1 = 1 
A 1  = 1 
A-2 = 1 
A2 = 1 
A-3 = 1 
A3 = 1 
A + t  = 1 
Table 1 
Coeff ic ients of the stress functions a and J, for pin .  
nonzero 
a ' s  
a. = 1 
- 1  - -  
'I R 
K - 2  al = -2a 
- 1 
a2 - ; 
a l l  a ' s  = 0 
1 a3 = - 
R3 
a l l  a ' s  = 0 
0 
a l l  a ' s  = 0 
nonzero 
b ' s  
a l l  b's = 0 
a l l  b ' s  = 0 
a l l  b's = 0 
b = -1 
0 
bo = -1 
. . 
- - (k  - 1) - 
bk-2 #-2 
-1 = -  bk-2 Rk-2 
19 
o,n?p:-? z.:.* "D rg OR: d t c  &.L 
OF PCjaS 2l-i;- 3 . 8 .  w 
act ing on the hole boundary. 
with vanishingly small stresses a t  i n f i n i t y .  The p la te ' s  p r i nc ipa l  ma- 
These surface t rac t ions  are i n  equi l ibr ium 
t e r i a l  axes are aligned w i th  the x and y axes and so the const 
behavior can be w r i t  
Y 
E I yXY 
t u t  ve 
Here Ex and E are Young's moduli i n  the x and y direct ions, respective- 
l y ,  vXy i s  the Poisson's r a t i o  r e l a t i n g  contraction i n  the y d i rec t i on  
t o  the extension i n  the x d i rec t i on  cdused by a tens i l e  stress i n  the x 
d i rect ion,  and G i s  the shear modulus i n  the x-y plane. The equ i l i b -  
rium equations i n  the p r inc ipa l  material system are 
Y 
XY 
Defining a stress funct ion as 
the equil iSrium equations are sa t is f ied .  'Jsiny the cons t i t d t i ve  
oquations and the stress function, tne only non t r i v i a l  compat ib i l i t y  
equation can be used t o  determine F. This equation i s  
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Lekhni tsk i i  [22] and Milne-Thompson E211 discuss the general so lu t ion  t o  
t h i s  equation and associated boundary conditions, while deJong [4,9,13], 
Oplinyer and Gandhi [2,3], and Mangalyiri E71 discuss the so lu t ion  i n  
the context o f  a p l a t e  w i th  a hole. Therefore, d e t a i l s  of the so lu t ion  
dre omitted here. 
The so lu t ion  t o  eq. 53 has the form 
where 
z1 = x + ply and z2 = x + p2y (55) 
and c~ and p2 are two roots of the charac ter is t i c  equation associated 
w i t h  eq. 53, namely 
1 
1.14 + (r Ex - 2v )p* + - Ex = 0 .  
EY XY XY 
(There are four  roots t o  t h i s  equation but they occur i n  complex conju- 
gate pa i rs ,  i .e. p3 = p1 and p4 = 1,) . The functions W1 and W2 are to -  
be-determined functions of the two transformed variables z1 and t2.  
With the de f i n i t i ons  o f  eq. 55 
- e 
where 
(57) 
( 5 8 )  
The f i r s t  and second fundamontal stress combinations are 
- 
;2E2W;(t*) . 
and 
(59) 
The d i  s p l  aceinents are 
wi th  
The stress combination or - I T r 4  can be forined, as was done w i t h  
the pin,  t o  inatch the t r a c t i o n  N - i T  a t  the boundary. 
d e f i n i t i o n s  of eq. 55 transform the problem from the z plane t o  the z1 
and z2 planes. These transformations d i s t n r t  the u n i t  c i r c l e  (hole) o f  
the z plane i n t o  e l l i pses  i n  the z1 and z2 planes. The boundary condi -  
t ions are not defined in these planes. A second set of transformations 
Howew-, t h o  
which map the zI and z2 e l l i p t i c a l  boundaries i n t o  u n i t  c i r c l e s  i s  
22 
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necessary, 
the z2 plane onto the t plane. These tranzformations are 
These transformations map the z1 plane onto the fl plane and 
2 
- = eie, thus preserving the  shape , c1 - f2  i e  As can be seen, when z = e 
o f  the u n i t  boundary. The inverse transformations are 
&2 = m ( l ; ) = y r  t-. 
z2 2 2 2'2 c2 
With the chdnge o f  variables, new nomenclature can be introduced, 
nainr 1 y , 
With this 
The functions @k(zk)  are o f  the form 
OD ak 
k = l  f l  
@ 1 ( C 1 )  = a o m l  + c - k 
23 
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A e r c  the ak's and bk'S are constants. 
fac t  tha t  there i s  a net force or( the boundary of the s ing ly  connected 
plate. 
The logr i thni ic terms r e f l e c t  the 
For the p l a t e  the analog t o  eq. 43, evaluated on the hole boundary, 
i s  
(68' 
Using eqs . 42 and 67, eq. 68 becomes 
OD 
1 -i (k-1)8 8Z(60eie - 1 kEke i (k+1)9 1 - Y&aoe - 1 kake 
aD 
k=l k= 1 
I *  - m 1 kbke - i  ( k - l ) e  -Y*(boe 
k= 1 
As i n  the procedure f o r  the p in ,  se t t i ng  a l l  Ak t o  zero except one gives 
equations f o r  determining ak and bk and hence the response o f  the  p l a t e  
t o  t rdc t i on  N=iT = eike on the hole. However, w i t h  the p l a t e  the p r o -  
cedure i s  s l i g h t l y  d i f fe ren t .  No m a t t e r  which Ak i s  b r ing  considered, 
eq. 69 always y ie lds  an equation fo r  do and bo, i n  addi t ion t o  other 
equations invo lv ing other a's and b's .  This equation i s  
More information I s  needed t o  determine a. and bo. The information can 
be obtained by examining the displacements. 
24 
Because o f  the logr i thw ic  term, there i s  the issue of s ing le  val- 
uedness of  the displacements. Using eq. 65 i n  eq. 61 and evaluating eq. 
61 a t  0 = 0 and 8 = ZII, the fo l low ing  equation resu l ts :  
For s ing le  valuedness, the expression i n  parenthesis must be zero, foe.  
Equations 70 and 72 ?rovide the necessary equations t o  determine a. and 
bo. Except f o r  k = 1, do and bo are zero. For the case k = 1, eqs. 70 
and 72 were solved f o r  numerically. Table 2 l i s t s  the coef f i c ien ts  ak 
and bk f o r  various values of  k. With Table 2 the so lu t ion  t o  the  plate,  
na!nelj the responses [ [ I  ) and [u ) 
kplate e kp la te  
are avai lable for use i t ?  
eq. 28. 
Detai ls of the Numerical Scheme 
The co l loca t ion  procedure included the po in ts  e=O and e=n. Because 
of symmetry, the e l a s t i c i t y  solut ions f o r  the p i n  and the p l a t e  due t o  
t rac t i on  N - i T  = eikO automaticbl ly y ie lded 
and 
25 
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Coeff ic ients of  the stress functions 4 and 4 f o r  the p l a t e  1 2 
nonzero nonzero 
Ak 3's 
nonzero 
b ' s  
A, = 1 
A+1 = 1 
A+2 = 1 
soln t o  eq, 7 0  and 7 2  
Y 9  
6 .  
26 
These two conditions led  t o  two columns and rows of  eq. 28 being zero. 
The co l locat ion procedure included points  a t  8=0 and @=a because there 
was one other condit ion a t  eaeh po in t  t h a t  had t o  be enforced, namely 
and 
Thus the two rows and columns representing qs. 73 and 74 w@rr elirnina- 
ted from the set o f  l i nea r  equations, eq. 28. Fai lure t o  do t h i s  re- 
sul ted i n  a singular matrix. The number o f  equations and unknown At’s 
solved f o r  was reduced t o  2N-1. 
Values fo r  a ,  8, and 6 were chosen. The system o f  2N-1 equations 
was solved fo r  the Ak’s. I n  a l l  l i ke l i hood  the  values of Q and p chosen 
d id  not sa t i s f y  a l l  the in ter face and boundary condit ions fo r  t h a t  spe- 
c i f i c  value o f  6 .  An i t e r a t i v e  process the0 began t o  f i n d  values o f  
o and 8 that  did. The key t o  the i t e r a t i o n  process was the sa t i s fac t i on  
of conditions which were a combination o f  a restatement o f  the condi- 
t ions st ipulated by eqs. 4-6 and statements regarding the physical 
real i t i e s  o f  the problem. These condit ions were: 
27 
Equatlon 77a states tha t  the rad ia l  t rac t ions  had t o  be e i the r  coragres- 
s ive  o r  zero, everywhere, Equation 77b states the t ract ions had t o  be 
zero i n  the no-contact zone. Equation 77c states tha t  a t  the end of  the 
contact zone the t rac t ions  had t o  be zero. Equation 77d states t h a t  the 
f r ic t ion- induced shear t rac t i on  had t o  be less than the Coulomb l i m i t  i n  
the no-sl ip zone. Equation 77e states t h a t  a t  the end of the no-sl ip 
zone, the f r i c t i o n  induced shear stress was exact ly the Zoulonb l i m i t -  
Equations 77c and 77e are wr i t t en  e x p l i c i t l y  ' ?cause behavior of  or a t  
e = p and zre a t  9 = a were the most gowerful ind icators  of convergence. 
To obtain a solut ion, the value of  a was set to a walue correspond- 
i ng  t o  the f i r s t  co l locat ion po in t  away from 8 = 0. Attent ion was fo- 
cused on $ by select ing a r e a l i s t i c  value. Depcndiny on whether the  
value of  p chosen was larger  or smaller than the correct  value, the or 
vs. 8 re la t i on  had very d i s t i n c t i v e  character is t ics  near 0 = 8 .  Fiyure 
4 i l l u s t r a t e s  the nature o f  the so lut ion fo r  three values of p. The 
correct  value o f  $ i s  denoted $*. 
than g*, say g = g, ar was tens i l e  near 0 = $,. If  the value of  8 
chosen was smaller than p*, say g = p2, then ar was not zero a t  8 = 
Ry recognizing what the character of the or vs. 0 meant r e l a t i v e  t o  the 
asslimed value o f  p, wi th in  3 or  4 i t e ra t i ons  a value of  p Could be ob- 
tained which s a t i s f i e d  eqs. 77a-c. I t e r a t i o n  f o r  a then began, This 
i t e r a t i o n  procedure was s imi la r  i n  that  the are vs. 0 re la t i on  showed 
d i s t i n c t  character is t ics  near 8 = a. These character is t ics  depended on 
whether the value of Q chosen was la ryer  o r  smaller than the co. *ect a. 
The character is t ics  near 8 = a are shown i n  f i g .  5. The! correct  value 
of a i s  denoted as a*. I f  the value o f  a chosen was larger  than 
a*, say a l ,  then a t  0 = al, 
I f  the value o f  p chosen was larger  
p2 
I exceeded plo, 1 .  If the value o f  u 
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chosen was $mal l e r  than a*, say O( = a2, then a t  Q = a2, ('ere i was lcss 
than vlu,l. Within 3 or  4 i t e ra t i ons  a so lu t ion  f o r  o was obtained 
which sa t is f ied  eqs. 77d and c. The value of p was then rechecked and 
adjusted i f  necessary. Generally there was l i t t l e  coupling between the 
two var i  ab1 es . 
For smaller values of  p (e.9. p = 0.2) the no-sl ip region was found 
t o  be small. Often the no-sl ip region was smaller than the  spacing be- 
tween the co l locat ion po in t  a t  (4 = 0 and the po in t  next t o  it. I n  these 
cases the no-sl ip condi t ion was s a t i s f i e d  only a t  Q = 0. Since by the 
symmetric nature o f  the so lu t ion  there was no r e l a t i v e  tangent ia l  motion 
a t  8 = 0 anyway, the no-sl ip region could only be determined t o  be less 
than the co l locat ion po in t  spacing. 
Overall, the converyence o f  the so lu t ion  was found t o  be dependent 
on the locat ion and number of  co l locat ion po in ts  used t o  s a t i s f y  the 
boundary conditions. 
close t o  being equally spaced around the hole. Forty co l locat ion po in ts  
around the h a l f - c i r c l e  were used t o  obtain the numerical resu l ts  pre- 
sented i n  the next section. Thus the resu l ts  t o  be presented used 78 
unknown A k ' s  i n  the series representing PJ-iT. The 78 terms were div ided 
evenly between negative k and p o s i t i v e  k. Twenty t o  30 co l loca t ion  
points  gave reasonable resu l ts  when compared t o  s im i la r  cases f rom pre- 
vious investiga5ions. Forty po in ts  represented the upper l i m i t  of the 
in te rac t ive  computer used i n  the analysis. Fewer than 20 points  resu l t -  
ed i n  poor syreement wi th  established work. 
It was important t o  have the co l locat ion po in ts  
Numerical Results 
Wulllerical resu l t s  were obtained i n  order t o  assess the  effects o f  
the various parameters on the stresses around the hole. The numerical 
study considered plates w i th  varying degrees o f  orthotropy. The resu l t s  
f o r  four d i f f e r e n t  p la tes are presented here. I n  the context o f  f i b e r -  
reinforced composite plates, these four  plates represent four d i f f e r e n t  
laminates. The material propert ies of each p l a t e  - re  indicated i n  Table 
3, as are the laminates t$ey represent. The p l a t e  propert ies considered 
coincide w i th  the basic propert ies used by Crews e t  al.  [lo] and repre- 
sent a graphi te-epoxy materia I . 
Plate A represents an extreme i n  degree o f  orthotropy. The p l a t e  
i s  much s t i f f e r  i n  the load d i r e c t i o n  than i t  i s  perpendicular t o  the 
load direct ion. This represents a graphite-epoxy p l a t e  made wi th  a l l  
the f i be rs  i n  the d i rec t i on  of the load. Plate 12 represents the other 
extreme, k i n g  much so f te r  i n  the load d i r e c t i o n  than perpendicular t o  
the load direct ion. Plate B represents a graphite-epoxy p l a t e  w i th  a l l  
the f i be rs  perpendicular t o  the load direct ion. P late C represents a 
p l a t e  w i th  propert ies representative o f  laminates which have the same 
inplane s t i f f n e s s  i n  a l l  direct ions. Such laminates are refer red t o  as 
quasi - isot rop ic  laminates. Plate 0 represents a moderately or thot rop ic  
laminate, being three times s t i f f e r  i n  the load d i rec t i on  than i t  i s  
perpendicular t o  the load. These four plates w i l l  be used t o  i l l u s t r a t e  
tne e f f e c t  o f  p i n  f l e x i b i l i t y  and the p la te 's  e l a s t i c  propert ies on the 
stresses around the hole. Plate 0 then w i l l  be used t o  i l l u s t r a t e  the 
e f f e c t  o f  f r i c t i o n ,  clearance, and p i n  displacement on stresses. 
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Table 3 
Mater ia l  Properties Op Plates - 
V representati  we 4 GxY 49 Plate E, 
Pis i Ms i Ms i laminate" 
A 21 -3  1.58 0.93U 0.38 O0 
8 1.58 21.3 0.930 0.028 90" 
c 8.40 8-40 3.20 0.310 ( OQ/545 O/l'O" )s 
u 12.4 3.73 3.21 0 . 667 (U02/+45"), 
* f i be r  angles r e l a t i v e  t o  +x d i rec t i on  
Figures 6-9 show the e f fec ts  o f  p i n  f l e x i b i l i t y  and p l a t e  material 
propert ies on the stresses around the hole. The three p i n  f l e x i b i l i t i e s  
used were: a r i g i d  pin, a steel  p i n  (E = 30 x 106 psi) ,  and an aluminum 
p i n  (E = 10 x IO6 psi) ,  
fect  on the numerical resul ts  and a value o f  0.3 was used. I n  each of 
figs. 6-9 the coef f ic ient  o f  f r i c t i o n  between the p l a t e  and the  p i n  was 
assumed t o  be 0.2. 
graphi te-epoxy. The non-dimensional clearance between the  p i n  and 
plate, i / R ,  was 0.01 and the nondimensional p i n  displacement, S / K ,  was 
0.035. Xea l i s t i c  values of  yin/hole clearance vary from appl icat ion t o  
appl icat ion but A/R = 0.01 i s  representative, Each f i gu re  has the same 
scale, f o r  easy comparison, and each f i gu re  i l l u s t r a t e s  the three s t res-  
ses a t  the hole edge, i.e. the rad ia l  stress dr, the circumferent ia l  
stress a0, and the fr ict ion- induced shear stress rr8. The stresses have 
Poisson's r a t i o  o f  the p i n  had very l i t t l e  e f -  
This represents a reasonable value f o r  w t a l  on 
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been nondiniensionaliaed by the bearing stress and the  behavior of the 
stresses with c i rcumferent ia l  locat ion i s  i 1 lustrated. The bearing 
stress i s  defined as the p i n  oad, P, d iv ided by the product of p l a t e  
thickness and hole diameter. Also shown i n  f igs.  6-9 i s  the cosinusoid- 
a1 rad ia l  stress d i s t r i b u t i o n  of ten assumed, Thus the f igures i l l u s t r a t e  
the two assumed pin/hole i n te rac t i op  models used i n  previous invest iga- 
t ions, i.e. r i g i d  and cosinusoidal, as wel l  as the  current more r e a l i s -  
t i c  one. As a check on the numerical solut ion, the stresses u p  
and T~ were integrated around the hole edge t o  determine the t o t a l  
load act ing on the  hole. The in tegrat ion was always w i t h i n  0.011 o f  P. 
When examining f igs.  6-9, three conclusions are obvious. F i r s t ,  i t  
i s  c lear p i n  f l e x i b i l i t y  i s  not a b i g  fac to r  i n  determining the stresses 
a t  the hole edge. U n t i l  now, no invest igat ion has shown t h i s  e x p l i c i t -  
ly .  Second, the degree o f  orthotropy strongly inf luences the peak 
stresses and the d i s t r i b u t i o n  o f  the stresses around the hole. The 
h igh ly  or thot rop ic  p l a t e  A i n  f ig .  6 has a stress concentration factor  
o f  2 f o r  the c i rcumferent ia l  stress compared t o  the 1.2 of the yuasi- 
isot rop ic  p l a t e  C i n  f i g .  80 
t r i b u t i o n  i s  not generally accurate. 
f o r  p la te  B and, due t o  p in /  hole clearance ef fects ,  does not properly 
represent the contact region i n  any s i tuat ion,  It w i l l  be seen that  t he  
character o f  u near 0 = 0 i s  determined by f r i c t i o n  whi l e  the character 
o f  o r  near 90" i s  determined by y in lho le clearance. Tnus f o r  p a r t i c u l a r  
f r i c t i o n  and clearance levels, the cosinusoidal d i s t r i b u t i o n  could be a 
good representation. However, i n  a l l  cases, the r i g i d  p i n  assumption i s  
better. I n  a l l  the cases shown i n  f igs.  6-8, the c i rcumferent ia l  
stress uo i s  negative a t  0 = 0. This i s  somewhat counter t o  i n t u i t i o n  
Third, the often-assumed cosinusoidal d i s -  
I t  i s  a serious misrepresentation 
r 
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but the resul t ,  as w i l l  be seen short ly,  i s  due 20 f r i c t i o n a l  af fects.  
This was found i n  Wilkinson's [S] analysis and it has been measured 
[23]. The decrease i n  the magnitude of ar as e + 0, i n  p l a t e  A f o r  
example, i s  a lso due t o  f r i c t i o n .  
Table 4 ipdicates the contact and no-sl ip angle determined by the  
i t e r a t i v e  procedure f o r  figs. 6-9 and f o r  f igures t o  be discussed. The 
loca t ion  of the maximum hoop stress i s  a lso indicated i n  the table. The 
locat ion of the maximum hoop stress, whi le  general ly occurr ing near the 
end of the contact region, depends on the p la te ' s  e l a s t i c  propert ies. A 
p l a t e  representing a laminate w i th  f ibers  a t  +45O and -45' r e l a t i v e  t o  
the load d i rec t i on  experiences a maximum hoop stress a t  roughly e = 45'. 
Figure 10 i l l u s t r a t e s  the e f fec t  of f r i c t i o n  on the stresses a t  the  
hole edge of p l a t e  D. Three values of f r i c t i o n  were examined f o r  the 
case o f  a steel  p i n  w i th  clearance h/R = 0.01 and displacement 6/R = 
0.035. The values of  f r i c t i o n  examined were: I, - 0, 0.2, and 0.4. The 
1s t  and 3rd values of I, represent extremes and were choseri t o  bracket 
the ef fects  o f  f r i c t i o n .  The most s i y n i f i c a n t  e f f e c t  o f  f r i c t i o n ,  be- 
sides in f luenc ing the leve l  o f  shear stress, i s  i t s  in f luence on peak 
stresses. 
stress a t  0 = 0. This e f fec t  occurred f o r  a l l  s i tua t ions  studied. 
F r i c t i o n  a lso increased the maximum circumferent ia l  stress near the end 
o f  the contact region. F r i c t i o n  had some e f f e c t  on the actual contact 
zone. Because o f  the e f fec t  o f  f r i c t i o n  a t  (3 = 0, the  cosinusoidal rep- 
resentation (not  shown) i s  c loser t o  the f r i c t i o n l e s s  case than the 
other cases. En fact ,  w i th  no f r i c t i o n  and no clearance, the cosinusoid- 
a1 assumption i s  close f o r  t h i s  pa r t i cu la r  plate.  
Increasing f r i c t i o n  tends t o  decrease the maximum rad ia l  
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Plate Fig. 
No. 
6 
7 
8 
9 
10 
11 
12 
Table 4 
Location of  Maximum Hoop Stress, Contact and 
No-Slip Regions f o r  Various Cases 
f i xed 
condi t i  ons 
bl = 0.2 
6/R = 0.035 
h/R = 0.01 
p = 0.2 
6/R = 0.035 
X/R = 0.01 
p = 0.2 
6/R = 0,035 
AIR = 0.01 
= 0.2 
6/H = 0.35 
x / R  = 0.01 
steel  p i n  
6/R = 0.035 
X/R = 0.01 
lJ = 0.2 
steel  p i n  
6/R = 0.35 
II = 0.2 
steel  p i n  
X/R - 0.01 
var iable 
condit ion 
p i  n 
r i g i d  
steel  
a1 umi num 
p i n  
r i g i d  
steel  
a1 umi num 
p i n  
r i g i d  
steel 
a1 umi num 
p i n  
r i  gi d 
steel  
a1 umi num 
v 
0 
0.2 
0.4 
x /e 
0 
0.01 
0.02 
6 /R 
3.02 
0.035 
0.05 
locat ion of 
8 
max a 
88" 
88 " 
$80 
74 " 
74" 
74 " 
74 " 
74 " 
76" 
74 " 
74" 
76 " 
76 " 
74" 
77" 
86" 
7 4 O  
69" 
66 " 
74 
78" 
contact 
arc, s 
74O 
74 " 
74 O 
74" 
74 
74 
74 " 
74 " 
76 O 
74 
74 
75" 
71 
74" 
77" 
86" 
74" 
56" 
41' 
74" 
7a0 
no-s 1 i p 
arc, u 
< 5O 
< 5" 
< 5" 
< 5" 
5" 
< 5" 
< 5" 
< 5" 
< 5" 
< 5" 
< 5" 
< 5" 
- 
< 5" 
10" 
5" 
< 5" 
< 5" 
< s o  
< 5" 
< 5" 
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Figure 11 i l l u s t r a t e s  the ef fect  o f  p in/hole clearance on the hole- 
edge stresses i n  p l a t e  D. The three leve ls  of clearance i l l u s t r a t e d  
are x/R = 0.0, 0.01, 0.02. The value FJR - 0 i s  o f ten refer red t o  as 
the snug-fit, push-f i t ,  or p e r f e c t - f i t  pin. The value o f  p used was 0.2 
and 6/R was 0.035. The p i n  was steel.  The most ef fect  pin/Rol@ clear-  
ance has i s  i n  the loca t ion  of the  peak circumferent ia l  stress. In- 
creasiny the clearance moves the peak stress locat ion toward e - 0. 
This i s  a d i r e c t  consequence of the rap id decrease i n  contact zone w i th  
increasing clearance. Increasing the clearance also causes more of a 
region eo experience h iyh c i rcumferent ia l  stress. Table 4 quant i f ies  
the e f f e c t  o f  clearance on contact angle. As expected, the value o f  the 
peak rad ia l  stress i s  sens i t ive t o  the leve l  o f  clearance. With less 
contact area the p i n  na tura l l y  loads the contact region more. 
F ina l l y  f ig. 12 shows the e f f e c t  of  increasing p i n  displacement on 
the stresses. The p i n  i s  steel, the coef f ic ient  of f r i c t i o n  i s  0.2, and 
the clearance i s  0.01. Three values of p i n  displacement are considered: 
&/I? = 0.02, 0.035 and 0.05. The most s ign i f i can t  e f fec ts  are with the 
contact arc and the locat ion o f  the peak circumferent ia l  stress. With 
increasing p i n  displacement the contact arc increases and the loca t ion  
of the peak circumferent ia l  stress moves toward e = 90°. Obviously i n -  
creasing p i n  displacement increases the magnitude o f  the actual stres- 
ses. However, i n  the nondimensional sense shown i n  f i g .  12, the str@SS 
magnitudes are not strongly influenced. The peak nondimensional rad ia l  
stress actual ly  decreases some wi th  Increasing p i n  displacement due t o  
the longer contact arc. 
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Addit ional Comments 
Two other issues should be addressed before closing. The f i r s t  i s -  
sue deals wi th  the funct ional  behavior o f  the stresses between col loca- 
t i o n  points. The second issue deals w i th  f r i c t i o n .  
Figures 6-12 were drawn by hand-fair ing l ines  through the numer 
values o f  the stresses computed a t  the co l locat ion points. When a 
Four ier  ser ies representation o f  a funct ion i s  used i n  conjunction w 
ca 1 
t h  
col location, there i s  t he  issue o f  behavior o f  t he  series representation 
between the  co l locat ion points. I n  addition, here there i s  the issue o f  
the behavior near the  end o f  the contact zone, where the stress s tate i s  
rap id l y  changing with 0 .  When the numerical values o f  Ak were subs t i t u  
t e d  i n t o  eq. 7 and N, f o r  example was computed as a funct on of e, the 
funct ion d i d  indeed o s c i l l a t e  between co l locat ion points. For a typ ica 
s i tuat ion,  f o r  0 c 5 the amplitude o f  the o s c i l l a t i o n  was less than 2% 
o f  i t s  maximum value. Just beyond 0 = $ the amplitude o f  the o s c i l l a -  
t i o n  increased, but not markedly. Osc i l l a t i on  t o  a ce r ta in  degree was 
expected. W i  lson and Goree [24] discussed F dual -series approach t o  a 
contact problem which resul ted ir! i e r y  l i t t l e  o s c i l l a t i o n  anywhere. 
Such an approach could have been used i n  t h i s  problem. However, nothing 
other than minimal osci l l a t i o m  were experienced w i th  the tiilmerical ap- 
proach here and so the issue o f  other numerical schemes d i d  not arise. 
Concerning f r i c t i o n ,  Dundurs and Comninou [25] have shown tha t  a t  
the t r a n s i t i o n  point  between no-sl ip and s l i p ,  the slope o f  T ~ ~ ,  w i th  
respect t o  0 ,  becomes i n f i n i t e .  With the approach here such behavior 
would never be real ized and thus the resul ts  a re  i n  e r r o r  i n  tha t  re- 
gard. An a l te rna t i ve  approach would have been t o  b u i l d  i n  a special 
fr ict ion-induced shear funct ion which d i d  indeed y i e l d  an i n f i n i t e  slope 
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of the t r a n s i t i o n  point. However, i t  i s  f e l t  t ha t  the resu l t s  presented 
are not i n  considerable e r r o r  for  not accurately representing t h i s  
ef fect  . 
Concluding Remarks 
This paper has used e l a s t i c i t y  solut ions and a numerical procedure 
t o  study the stress d i s t r i bu t i ons  around a hole i n  a pin-loaded ortho- 
t r o p i c  plate. I n  par t icu lar ,  the e f fec ts  o f  p i n  e l a s t i c i t y ,  f r i c t i o n  
and Clearance have been studied. 
p la te ' s  e a s t i c  propert ies OR the  stress d i s t r i b u t i o n  has been assessed. 
I t can be concluded that, w i t h i n  the  context o f  t h i s  study, p i n  e l a s t i -  
c i t y  i s  not an important variable. Pinlhole clearance i s  an important 
var iable and f r i c t i o n  does e f f e c t  t he  stress d is t r ibut ions.  Further 
studies are warranted i n  the area o f  f inite-geometry plates, a circum- 
f e r e n t i a l  ly var iable coe f f i c i en t  o f  f r i c t i o n ,  o r  a l ternat ive ly ,  a inore 
general (non-Couloqb) f r i c t i o n  model. Perhaps experimental investiga- 
t i ons  i n t o  the s l i p  and no-s l ip  zones are necessary before inore general 
f r i c t i o n  laws are incorporated. 
I n  addition, t he  e f fec ts  of the 
Ac k now 1 e d s e n  -- t s 
---I 
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f ig .  1: a) Geometry and coordinate system used i n  analysis.  
b )  Oef ini t ion of clearance, 1, and p i n  displacement, 6. 
f ig .  2: Important regions a t  pin/hole boundary. 
Fig. 3: Idea l i za t ion  of p i n  load: a) p i n  i n  double shear; b) section 
o f  p i n  within p late  thickness. 
Fig. 4: Choosing the correct value of 8. 
Fig. 5 :  Choosing t h e  correct value o f  a. 
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Fig. 9: Stresses around hole i n  g l a t e  0. 
Fig. 10: Effect of f r ic t ion  on stresses. 
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Fig. 12: Effect c f  p i n  displacement on stresses. 
